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Abstract
The stable cohomotopy theory is a useful tool for studying global properties of compact spaces.
In the stable shape theory we have infinite-dimensional versions of the Whitehead theorem. They
require to use the stable cohomotopy groups.
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The purpose of the present note is to show that the stable cohomotopy groups are es-
pecially useful when we work on infinite-dimensional Hausdorff compact spaces. On the
other hand we try to reduce the role of the stable cohomotopy theory to the cases when it
is irreplaceable.
It is known (see [11] and [18]) that the stable shape morphism f :X → Y is an isomor-
phism if and only iff induces isomorphisms of all stable cohomotopy groups. In the paper
it is shown that (roughly speaking) it suffices to assume that f induces isomorphisms of
the stable cohomotopy groups in almost all positive dimensions and isomorphisms of the
cohomology groups with coefficients in Z. The last hypothesis can be replaced by the as-
sumption that f induces isomorphisms of the stable homotopy progroups. This means that
in the stable shape category there are versions of the Whitehead theorem which correspond
exactly to the Whitehead theorems in the classical shape theory with the only one excep-
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S. Nowak / Topology and its Applications 153 (2005) 464–476 465tion. Instead of the conditions concerning finiteness of the shape dimension of X and Y we
assume that f induces isomorphisms of the stable cohomotopy groups in almost all positive
dimensions or f induces isomorphisms of the stable homotopy progroups.
The last fact can be treated as a commentary to the version of the Whitehead theorem
for generalized stable shape category (Theorems 6.1 and 6.2 of [15]) proved by T. Miyata
and J. Segal.
This assumption is essential because there exists [12, p. 153] a continuum X having
nontrivial stable cohomotopy groups πns (X) = 0 for infinitely many n > 0 and trivial ˇCech
cohomology groups Hn(X;Z) = 0 for all n > 0.
1. Preliminaries
All spaces are pointed. The knowledge of the shape theory (see [2] and [12]) and basic
notions of the stable homotopy theory (see [1,21] or [13]) is assumed.
By S we denote the reduced suspension functor. The homotopy category of finite CW
spectra is denoted by SCWf .
If E = {En} is a finite CW spectrum, then the nth term En of E is a finite CW complex
and En+1 = S(En) for sufficiently large n. Without loss of generality we may assume that
a morphism f ∈ SCWf (X,Y) is represented by a sequence of maps {fn}∞n>n0 (a map of
spectra), where fn :Xn → Yn are defined for n  n0 and satisfy the condition S(fn) =
fn+1.
The sequences {fn}∞nn1 and {gn}∞nn2 represent the same morphism of SCWf iff
fn  gn for sufficiently large n. We write [{fn}∞nn1] = [{gn}∞nn2] and say that they are
homotopic.
This means that one can study properties of the nth term fn of the sequence which
represents f instead of properties of the whole sequence.
In particular, the reduced mapping cylinder of f = [{fn}∞n>n0 ∈ SCWf (X,Y) is defined
as Mf = {Mn}, where Mn = Mfn is the reduced mapping cylinder of fn for n  n0 and
Mn = {point} for n < n0. We have also Sm−n(fn) = fm and Sm−n(Mfn) = MSm−n(fn) for
n > n0.









where all arrows are maps of spectra. Then there exists a map of spectra r :M1 → M2,
where Mi = Mf i denotes the mapping cylinder of f i for i = 1,2. The restrictions of r to
X1 and Y1 (in a canonical way Xi and Yi can be identified with subspectra of Mi for
i = 1,2) equal respectively to r1 and r2. The map representing r depends on the choice of
homotopy joining the maps which represent r1 and r2.
More generally, if we prove a theorem in the homotopy category of finite CW com-
plexes in a controlled way (i.e., maps should commute with the reduced suspension and a
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get also a corresponding theorem for the homotopy category of finite CW spectra (or the
prohomotopy category of finite CW spectra).
For simplicity we adopt a similar convention in the sequel. More precisely, theorems
are formulated for the homotopy category of finite spectra, but proofs of auxiliary facts are
presented mostly for the category of CW complexes.
Analogously as in the case of the (ordinary) shape theory one can introduce the stable
shape category (see [3,8,15,14,17] and [18]) of compact Hausdorff spaces.
By X and Y we denote respectively the inverse limits of the inverse systems {Xσ ,pτσ }
and {Yς , qυς } of finite CW complexes in the category of topological spaces and maps.
The morphisms of the stable shape category ShStab from X to Y are represented by the
elements of the Abelian group
Pro-SCWf (X,Y ) = lim←−ς lim−→σ SCWf
(
Sus(Xσ ),Sus(Yς )
) ≈ ShStab(X,Y ),
where X = {Xσ ,pτσ }, Y = {Yς ,qυς } and by Xσ ,Yς we denote the suspension spectra of
Xσ ,Yς . By pτσ and qυς we denote the morphisms induced by the bounding maps of the
inverse systems.
Consider a reduced generalized cohomology theory H= {hn} defined on the homotopy
category of finite pointed CW complexes HCWf consisting of a family of contravari-
ant functors hn :HCWf →AB with a family of natural equivalences εn : hn+1 → hn · S,
where AB denotes the category of Abelian groups [21, p. 124]. In a canonical way we can
extend H= {hn} over the category SCWf .
The stable cohomotopy groups πns (−) form a generalized cohomology theory (see [1,
13] or [21]) on SCWf .
A generalized cohomology theory H = {hn} defined on the category SCWf can be
extended over Pro-SCWf . The group hn(X ) equals to the direct limit of the system
{hn(Xσ ), hn(pτσ )}, where X = {Xσ ,pτσ }.
This allows us do define a contravariant functor from ShStab to the category of Abelian
groups, i.e., the ˇCech extension of H= {hn}.
The ˇCech cohomology groups hn(X) of a compact Hausdorff space X are equal to
the direct limit of the system {hn(|N(α)|)}, where α varies over the finite open coverings
of X. The generalized ˇCech cohomology groups commute with limits of compacta (the
continuity property).
If X is a compact space, then πns (X) is isomorphic to the direct limit of the sequence
{[X,Sn] Suspension−−−−−−→[S(X),Sn+1] Suspension−−−−−−→[S2(X),Sn+2] Suspension−−−−−−→· · ·}.
Together with the stable cohomotopy groups we consider the stable homotopy groups
πss (−). If P is a CW complex then πsn(P ) is the direct limit of the system
{[Sn,P ] Suspension−−−−−−→[Sn+1,S(P )] Suspension−−−−−−→[Sn+2,S2(P )] Suspension−−−−−−→· · ·}.
This construction determines a covariant functor from SCWf to AB.
Applying this functor to the object X = {Xσ ,pτσ } ∈ Ob Pro-SCWf we define a functor
Pro-πsn(−) from the category Pro-SCWf to the category of progroups. It is clear that
Pro-πsn(−) can be also defined on ShStab.
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The following lemma was proved in [16, p. 251].
Lemma 2.1. Let (Xi,Ai) be a pair of finite connected CW complexes for i = 0,1, . . . , r
and fi : (Xi,Ai) → (Xi−1,Ai−1) be a cellular map for i = 1,2, . . . , r such that π1(X0) =
0 = π1(A0) and πr+1−i (fi) :πr+1−i (Xi,Ai) → πr+1−i (Xi−1,Ai−1) is a trivial homor-
phism for i = 1,2, . . . , r . Then there exists a map g : (Xr,Ar) → (X0,A0) such that
f1f2 · · ·fr  g relAr and g(X(r)r ∪ Ar) ⊂ A0.
Lemma 2.2. Suppose that (Xi,Ai) is a pair of finite CW complexes for i = 0,1, . . . , n
and fi : (Xi,Ai) → (Xi−1,Ai−1) is a cellular map for i = 1,2, . . . , n. Let r be a natural
number r  1 satisfying the following conditions:
(1) X0 and A0 are r-connected.
(2) The homorphisms
Hr+i (fi) :Hr+i (Xi−1,Ai−1;Z) → Hr+i (Xi,Ai;Z) and
Hr+i+1(fi) :Hr+i+1(Xi−1,Ai−1;Z) → Hr+i+1(Xi,Ai;Z)
are trivial for i = 1,2, . . . , n.
Then there exists g : (Xn,An) → (X0,A0) such that f1f2 · · ·fn  g relAn and
g(X
(n+r)
n ∪ An) ⊂ A0.
Proof. Suppose that K is a simplicial complex and L is a subcomplex of K and
f : (|K|, |L|) → (Y,B) is a map such that f (|K(n−1)| ∪ |L|) ⊂ B , where (Y,B) is a pair
of simply connected CW complexes. S.T. Hu (see [9, p. 204] or Exercise E-7 from Chap-
ter VI of [10]) assigned to f a cocycle c(f ) ∈ Zn((K,L);πn(Y,B)). The cohomology
class [c(f )] = 0 equals to 0 iff there exists a homotopy φ : (|K|, |L|) × [0,1] → (Y,B)
such that
φ(x, t) = f (x) for (x, t) ∈ (∣∣K(n−2)∣∣ ∪ |L|) × [0,1] ∪ |K| × {0}
and
φ
(∣∣K(n)∣∣× {1}) ⊂ B.
If f1 : (K1,L1) → (K,L) is a simplicial map then f |f1|(|K(n−1)1 | ∪ |L1|) ⊂ B and[c(f |f1|)] = Hn(f1)([c(f )]).
By the Universal Coefficient Theorem the map fi : (Xi,Ai) → (Xi−1,Ai−1) induces
a trivial homorphism Hi+r (fi) :Hi+r ((Xi−1,Ai−1);G) → Hi+r ((Xi,Ai);G) for every
Abelian group G.
Applying Lemma 2.1 to the sequence (X0,A0)
id→(X0,A0) id→·· · id→(X0,A0) we find a
cellular map f0  id : (X0,A0) → (X0,A0) such that f0(X(r)0 ∪ A0) ⊂ A0. Hence we may
assume that f1(X(r) ∪ A1) ⊂ A0.1
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(Xi,Ai), where Ki is a simplicial complex and Li is a subcomplex of Ki .
Let βi : (Xi,Ai) → (|Ki |, |Li |) be the cellular homotopy inverse of αi .
Let g1 = f0f1α1 : (|K1|, |L1|) → (X0,A0). Then g1β1  f1 and g1(|K(r)1 | ∪ |L1|) ⊂
A0.
Assume that for i  k < n we have constructed maps gi : (|Ki |, |Li |) → (X0,A0) such
that
giβi  f1f2 · · ·fi and gi
(∣∣K(r+i)i
∣∣∪ |Li |
) ⊂ A0. (1)
The map gkβkfk+1αk+1 : (|Kk+1|, |Lk+1|) → (X0,A0) is homotopic to f1f2 · · ·fk+1
and gkβkfk+1αk+1(|K(k+r+1)k+1 | ∪ |Lk+1|) ⊂ A0.
Since the map fk+1 induces a trivial homorphism from Hk+r+1((Xk,Ak);
πk+r+1(X0,A0)) to Hk+r+1((Xk+1,Ak+1);πk+r+1(X0,A0)), we infer that the cocycle
c(gkβkfk+1αk+1) represents the trivial element of the group Hk+r+1((|Kk+1|, |Lk+1|);
πk+1(X0,A0)) and therefore gkβkfk+1 can be replaced up to homotopy by a map gk+1
satisfying (1) for i = k + 1.
The map g = gn satisfies the required conditions. 
The next lemma is proved in [18]. It is consequence of algebraic methods (obstruction
to compression) developed by E.H. Spanier and J.H.C. Whitehead in [19] and [20] (see
[19, p. 92] or [20, p. 359]).
Lemma 2.3. Let r be a natural number. Suppose that (Xi,Ai) is a pair of finite CW
complexes for i = 0,1, . . . , n and fi : (Xi,Ai) → (Xi−1,Ai−1) is a cellular map for
i = 1,2, . . . , n satisfying the following conditions:
(1) dimX0  n + r ,
(2) X0 and A0 are imply connected,
(3) πn+r−i+1s (fi) :πn+r−i+1s (Xi−1,Ai−1) → πn+r−i+1s (Xi,Ai) is a trivial homomor-
phism for i = 1,2, . . . , n.
Then for sufficiently large m there exists a map g : (Sm(Xn),Sm(An)) → (Sm(X0),Sm(A0))
such that Sm(f1f2 · · ·fn)  g rel Sm(An) and g(Sm(Xn)) ⊂ Sm(X(m+r)0 ) ∪ Sm(A0).
3. Level morphisms
Every stable shape morphism f :X → Y can be represented (see [12, p. 12]) as a level
morphism belonging to Pro-SCWf (X,Y ), where X = {Xσ pτσ } and Y = {Yσ ,qτσ } are in-
verse systems of SCWf over the same directed set Σ .
Suppose that f = {fσ }σ∈Σ ∈ Pro-SCWf (X,Y ) is a level morphism. For every σ ∈ Σ
and every τ > σ we have the diagram








in the category SCWf .
Let Mσ and Mτ denote the reduced mapping cylinders of maps representing the mor-
phisms fσ :Xσ → Yσ and fτ :Xτ → Yτ .
Then there exists a map of spectra rτσ :Mτ → Mσ such that its restrictions to Xτ and
Yτ equals (respectively) to pτσ and qτσ .
We shall keep all these notations in the sequel.
Proceeding analogously as in the proof of the Whitehead theorem for the classical shape
theory (see [12, p. 143], [16] or [6]) we can prove the following lemma. For completion
we present the sketch of the proof.
Lemma 3.1. Suppose that f ∈ Pro-SCWf (X,Y ) is a level morphism such that:
(1) Pro-πsn( f ) is a monomorphism.
(2) Pro-πsn+1( f ) is an epimorphism.
Then for every σ ∈ Σ there exists τ > σ such that Pro-πsn+1(rτσ ) = 0.
Proof. By induction (compare [12, p. 148, Lemma 4]) we can construct an infinite se-
quence σ = σ(0) < σ(1) < σ(2) < · · · of elements of Σ such that Kerπsn(fσ(i+1)) ⊂
Kerπsn(p
σ(i+1)




σ (i) ) ⊂ Imπsn+1(fσ(i)) for i = 0,1,2, . . . .
Then f ′ = {fσ i} : X′ = {Xσ(i),pσ(i+1)σ (i) } → Y′ = {Yσ(i),qσ(i+1)σ (i) } is a level morphism
such that Pro-πsn(f ′) is a monomorphism and Pro-πsn+1(f ′) is an epimorphism.
We have an exact sequence
· · · → πsn+1(Xσ(i)) → πsn+1(Mσ(i)) → πsn+1(Mσ(i)), (Xσ(i))
→ πsn(Xσ(i)) → πsn(Mσ(i)) → ·· ·
for i = 0,1,2, . . . . These sequences together with the homorphisms induced be pσ(i+1)σ (i)
and qσ(i+1)σ (i) form a tower of exact sequences
· · · → Pro-πsn+1(X ) → Pro-πsn+1(M ) → Pro-πsn+1(M,X )
→ Pro-πsn(X ) → Pro-πsn+1(M ) → ·· · ,
i.e., an exact sequence of the category of progroups, where by M we denote the inverse
sequence {Mσ(i), rσ(i+1)σ (i) }.
We deduce (see [12, p. 118, Theorem 9]) that Pro-πsn+1(M,X ) is a trivial progroup.
This means that for σ = σ(0) there exists k such that Pro-πsn+1(pτσ ) is a trivial homomor-
phism, where τ = σ(k). 
Lemma 3.2. Let f ∈ Pro-SCWf (X,Y ) be a level morphism and H = {hn} be a reduced
generalized cohomology theory such that:
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(2) hn+1( f ) :hn+1(Y ) → hn+1(X ) is a monomorphism.
Then for each σ ∈ Σ and a ∈ hn+1(Mσ ,Xσ ) there is τ > σ such that hn+1(rτσ )(a) = 0.

























where rows are long exact sequences (see, for example, [7, p. 7]) of (Mτ ,Xτ ) and
H= {hn}.
Let a ∈ hn+1(Mσ ,Xσ ). We must show that there exists τ > σ such that jτ3 (a) = 0.




′)) = jτ3 (a) = 0.
If jτ2 (a
′) = 0 for every τ > σ , then for some τ > σ there exists a′′ ∈ hn(Mτ ) such that
iτ1 (a
′′) = jτ1 (a′).
The exactness of the first and the second rows implies that iτ2 i
τ
1 (a





By the exactness of the first row if i3(a) = 0, then i4i3(a) = 0. Since hn( f ) is a
monomorphism, we get that there exists µ such that jµ4 (i3(a)) = 0. Then iµ2 (a′) = jµ3 (a)
for some a′ ∈ hn(Xµ) and there exists τ > µ such that jτ3 (a) = 0. 
Lemma 3.3. Let f ∈ Pro-SCWf (X,Y ) be a level morphism and H = {hn} be a re-
duced generalized cohomology theory. If for each σ ∈ Σ there is τ > σ such that
hn+1(rτσ ) :hn+1(Mσ ,Xσ ) → (Mτ ,Xτ ) is a trivial homorphism, then hn( f ) :hn(Y ) →
hn(X ) is an epimorphism and hn+1( f ) :hn+1(Y) → hn+1(X) is a monomorphism.
Proof. Let us observe that iτ2 j
τ
2 = 0 for every a ∈ hn(Xσ ). By the exactness of the second
row of the diagram (2) we get that there exists b ∈ hn(Mτ ) such that iτ1 (b) = jτ2 (a).
Suppose that [a] ∈ hn+1(Y ) is represented by a ∈ hn+1(Mσ ) ∼= hn+1(Yσ ) and
hn+1( f )([a]) = 0. Then there exists τ > σ such that hn+1(rτσ ) is a trivial homorphism
and iτ4 j
τ
4 (a) = jτ5 i4(a) = 0. The exactness of the second row of the diagram (2) gives that
there exists b ∈ hn+1(Mτ ,Xτ ) such that iτ3 = jτ4 (a). We conclude that [a] = 0. 
4. Deformability
Suppose that f : (E,E0) → (F,F0) is a map of spectra. We say that f is n-deformable
into F0 iff (compare [9, p. 203]) there exists a map g  f : (E,E0) → (F,F0) such that
g(E(n) ∪E) ⊂ F0.
A level morphism f ∈ Pro-SCWf (X,Y ) is called n-deformable if for each σ ∈ Σ there
is τ > σ such that rτσ : (Mτ ,Xτ ) → (Mσ ,Xσ ) is n-deformable into Xσ . It is convenient to
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for n = −∞.
Proposition 4.1. Let f ∈ Pro-SCWf (X,Y ) be an n-deformable level morphism. Then for
every σ ∈ Σ there is τ > σ such that the homomorphism Hm(rτσ ) :Hm((Mσ ,Xσ );Z) →
Hm((Mτ ,Xτ );Z) is trivia] for every m n.
Proof. The map rτσ factors (up to homotopy) through (Mτ ,M(n)τ ∪Xτ ). 
Lemma 4.2. Let p < q be integers and let f ∈ Pro-SCWf (X,Y ) be a p-deformable level
morphism such that:
(1) Pro-πsp( f ) : Pro-πsp(X ) → Pro-πsp(Y ) is a monomorphism.
(2) Pro-πsn( f ) : Pro-πsn(X ) → Pro-πsn(Y ) is an isomorphism for p < n < q .
(3) Pro-πsq( f ) : Pro-πsq(X ) → Pro-πsq(Y ) is an epimorphism.
Then f is q-deformable.
Proof. Using Lemma 3.1 we can find a natural number m(σ) and a finite sequence σ =
σ(0) < σ(1) < · · · < σ(q − p) such that rσ(i+1)σ (i) : (Mσ(i+1),Xσ(i+1)) → (Mσ(i),Xσ(i)) in-







:πq+m−i (Mσ(i+1),Xσ(i+1)) → πq+m−i (Mσ(i),Xσ(i)),
where Mσ(i+1),Xσ(i+1), Mσ(i) and Xσ(i) are (respectively) the mth terms of the spectra
Mσ(i+1),Xσ(i+1), Mσ(i) and Xσ(i) and rσ(i+1)σ (i) is induced by r
σ(i+1)
σ (i) .
Increasing m if necessary (in this case Mσ(i) and Xσ(i) became r-connected, where r
equals to the growth of m) by the hypothesis we get that there exists µ > σ(q − p) = τ
and a map g  rµτ : (Mµ,Xµ) → (Mτ ,Xτ ) such that g(M(m+p)µ ∪ Xµ) ⊂ Xτ .
Then πi(Mµ,M(m+p)µ ∪ Xµ) = 0 for i = m + p,m + p − 1, . . . ,1.
Let us apply Lemma 2.1 for the case when fi = rσ(i)σ (i−1) for i = 1, . . . , q −p, fq−p+1 =
g and fi = id : (Mµ,M(m+p)µ ∪Xµ) → (Mµ, M(m+p)µ ∪Xµ) for i = q −p+ 2, . . . , q +m.
As the result we obtain that there is a map h  pµσ such that h(M(q+m)µ ∪Xµ) ⊂ Xσ . 
Lemma 4.3. Let q be an integer and p < q be an integer or p = −∞. Suppose also that
f ∈ Pro-SCWf (X,Y ) is a p-deformable level morphism such that:
(1) Hp( f ) :Hp(Y;Z) → Hp(X;Z) is an epimorphism.
(2) Hn( f ) :Hn(Y;Z) → Hn(X;Z) is an isomorphism for p < n q .
(3) Hq+1( f ) :Hq+1(Y;Z) → Hq+1(X;Z) is a monomorphism.
Then f is q-deformable.
Proof. We must show that for each σ ∈ Σ and there is τ > σ such that rτσ : (Mτ ,Xτ ) →
(Mσ ,Xσ ) is q-deformable into Xσ .
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Hence Lemma 3.2 guarantees that for every τ ∈ Σ and every n q +1 there exists µ >
τ such that the induced homomorphism Hn(pµτ ) :Hn((Mτ ,Xτ );Z) → Hn((Mµ,Xµ);Z)
is trivial.
For σ ∈ Σ there exist r and a pair of r-connected CW complexes (Mσ ,Xσ ) such Mσ
and Xσ that are the mth terms of Mσ and Xσ and for n > m the nth terms of Mσ and Xσ
are (n − m)-fold suspensions of Mσ and Xσ .
Replacing m by a bigger one if necessary we can find a sequence σ = σ(0) < · · · <


























for i = 1, . . . , q + m − r.
Applying Lemma 2.2 for the case when fi = pσ(i)σ (i−1) for i = 1, . . . , q+m−r we get that
there is a map g  pτσ(0) such that g(M(m+q)τ ∪ Xτ ) ⊂ Xσ , where τ = σ(q + m − r). 
Remark 1. Let us notice that the theses of Lemmas 4.2 and 4.3 are the same. In the first of
them we cannot assume that p = −∞.
5. Compressibility
Suppose that f : (E,E0) → (F,F0) is a map of spectra. We say that f is n-compressible
into F0 (compare [19]) iff there exists a map g  f : (E,E0) → (F,F0) such that g(E) ⊂
E
(n) ∪ F0.
A level morphism f ∈ Pro-SCWf (X,Y ) is called n-compressible if for each σ ∈ Σ
there is τ > σ such that rτσ : (Mτ ,Xτ ) → (Mσ ,Xσ ) is n-compressible into Xσ .
We say that f is q-compressible for q = −∞ iff for every σ there exist τ > σ and
g  rτσ : (Mτ ,Xτ ) → (Mσ ,Xσ ) such that g(Mτ ) ⊂ Xσ .
Proposition 5.1. Let f ∈ Pro-SCWf (X,Y ) be an n-compressible level morphism. Then
for every σ ∈ Σ there is τ > σ such that the homomorphism Hm(rτσ ):
Hm(Mσ ,Xσ ;Z) → Hm(Mτ ,Xτ ;Z) is trivial for every m > n.
Proof. The map rτσ factors (up to homotopy) through (M(n)σ ∪Xσ ,Xσ ). 
Lemma 5.2. Let q be an integer or q = −∞ and let f ∈ Pro-SCWf (X,Y ) be a level
morphism such that:
(1) πqs ( f ) :πqs (Y ) → πqs (X ) is an epimorphism.
(2) πns ( f ) :πns (Y ) → πns (X ) is an isomorphism for n > q .
Then f is q compressible.
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Mσ and Xσ are the mth terms of Mσ and Xσ and for n > m the nth terms of Mσ and Xσ
are the (n − m)-fold suspensions of Mσ and Xσ .














are trivial for i = 1,2, . . . ,m0.
Applying Lemma 2.3 for the case when r = m + q , n = m0 and fi = rσ(i)σ (i−1) for i =
1,2, . . . ,m0 we get that for sufficiently large l and τ = σ(m0) there exists a map
g :
(
Sl (Mτ ),Sl (Xτ )
) → (Sl(Mσ ),Sl (Xσ )
)
such that g  Sl(rτσ ) rel Sl(Xτ ) and g(Sl (Mτ )) ⊂ Sl(M(m+q)σ ) ∪ Sl(Xσ ).
This means that f is q-compressible. 
6. Whitehead theorem for Pro -SCWf
Theorem 6.1. Suppose that q is an integer or q = −∞. Every q-deformable and q-com-
pressible level morphism is an isomorphism.
Proof. In order to show that f is an isomorphism it suffices to show (see [16, Theorem 1.1]
or [6, p. 7, Theorem 2.3]) that for every σ there exist τ > σ and g  rτσ : (Mτ ,Xτ ) →
(Mσ ,Xσ ) such that g(Mτ ) ⊂ Xσ , i.e., f is q-compressible for q = −∞.
Let q be an integer. The morphism f ∈ Pro-SCWf (X,Y ) is a q-deformable and q-com-
pressible. Then for sufficiently large m and for each σ ∈ Σ there exist a pair (τ,µ) with
σ < t < µ and maps g  pτσ : (Mτ ,Xτ ) → (Mσ ,Xσ ), h  pµτ : (Mµ,Xµ) → (Mτ ,Xτ )
such that g(M(q+m)τ ∪ Xτ ) ⊂ Xσ and h(Mµ) ⊂ M(q+m)τ ∪ Xτ .
The map gh  pµσ : (Mµ,Xµ) → (Mσ ,Xσ ) and gh(Mµ) ⊂ Xσ . 
Theorem 6.1 allows to produce algebraic criteria for checking that f ∈ Pro-SCWf (X,Y )
is an isomorphism.
Theorem 6.2. Let p be an integer or p = −∞ and q  p be an integer. Suppose that
f ∈ Pro-SCWf (X,Y ) is a morphism such that:
(1) Hn( f ) :Hn(Y;Z) → Hn(X;Z) is an isomorphism for n p.
(2) Hp+1( f ) :Hp+1(Y;Z) → Hp+1(X;Z) is a monomorphism.
(3) Pro-πsp( f ) : Pro-πsp(X ) → Pro-πsp(Y ) is a monomorphism.
(4) Pro-πsn( f ) : Pro-πsn(X ) → Pro-πsn(Y ) is an isomorphism for p  n < q .
(5) Pro-πsq( f ) : Pro-πsq(X ) → Pro-πsq(Y ) is an epimorphism.
(6) πqs ( f ) :πqs (Y ) → πqs (X ) is an epimorphism.
(7) πns ( f ) :πns (Y ) → πns (X ) is an isomorphism for n > q .
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isomorphism.
Proof. Without restriction of generality we may assume (see [12, p. 12]) that f is a level
morphism.
By Lemmas 4.3 and 5.2 the morphism f is p-deformable and q-compressible and
Lemma 4.2 guarantees that it is q-deformable.
Let assume that q = p + 1.
By Proposition 5.1 we get that for every σ there exists τ > σ such that
Hq+1(rτσ ) :Hq+1(Mσ ,Xσ ;Z) → Hq+1(Mτ ,Xτ ;Z)
is a trivial homorphism.
Lemma 3.3 gives that Hq( f ) is an epimorphism and Hq+1( f ) is a monomorphism.
This means that Hq( f ) is an isomorphism and from Lemma 4.3 we conclude that f is
q-deformable. 
7. Whitehead theorem for ShStab
Every morphism of the category ShStab(X,Y ) may be identified with the morphism f ∈
Pro-SCWf (X,Y ). We may also assume that Hm(Xσ ;Z) = 0 = Hm(Yσ ;Z) for m < 0.
Theorem 7.1. The morphism f ∈ ShStab(X,Y ) is an isomorphism iff there exists q such
that the following conditions are satisfied:
(a) πqs ( f ) :πqs (Y ) → πqs (X) is an epimorphism.
(b) πns ( f ) :πns (Y ) → πns (X) is an isomorphism for n > q .
(c) Hn( f ) :Hn(Y ;Z) → Hn(X;Z) is an isomorphism for every n < q .
(d) Hq( f ) :Hq(Y ;Z) → Hq(X;Z) is a monomorphism.
Proof. Theorem is a consequence of Theorem 6.2. 
Theorem 7.2. The morphism f ∈ ShStab(X,Y ) is an isomorphism iff there exists q such
that the following conditions are satisfied:
(a) πns ( f ) :πns (Y ) → πns (X) is an isomorphism for every n > q .
(b) πsq( f ) :πsq(Y ) → πsq(X) is an epimorphism.
(c) Pro-πsq( f ) : Pro-πsq(X) → Pro-πsq(Y ) is an isomorphism.
(d) Pro-πsn( f ) : Pro-πsn(X) → Pro-πsn(Y ) is an isomorphism for every n < q .
Proof. The morphism of the category ShStab(X,Y ) may be identified with
f ∈ Pro-SCWf (X,Y )
such that Hm(Xσ ;Z) = 0 = Hm(Yσ ;Z) for m < 0.
Hence the conditions (1) an (2) from Theorem 6.2 are automatically satisfied. 
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Most of the theorems of the stable homotopy category hold for the homotopy category
of simply connected CW complexes, however, their proofs often are much longer.
In particular, a map f :P → Q is a homotopy equivalence iff f is a stable homotopy
equivalence.
Analogously, if X and Y are shape 1-connected finite-dimensional continua then a shape
morphism f :X → Y is a shape equivalence iff f induces isomorphisms of all ˇCech coho-
mology groups with coefficients in Z. This means that if X and Y are finite-dimensional
then f is a shape equivalence if and only if f is a stable shape equivalence.
Problem 1. Suppose that X and Y are shape 1-connected continua (or more generally
Hausdorff continua). Is it true that the shape morphism f :X → Y is an isomorphism when
f is a stable shape equivalence?
Problem 2. Suppose that X is a shape 1-connected continuum with max{n: πns (X) = 0} <
∞. Is it true that Sh(X) = Sh(Y ), where dimY < ∞?
The cohomotopical dimension π- dimX of X is less then or equal to n iff (see [4,5])
the inclusion i :A → X induces an epimorphism πns (i) :πns (X) → πns (A) for every closed
subset A of X.
We know (see [18]) that π- dimX  dimZX and that π- dim = ∞ if π- dimX =
dimZX.
Problem 3. Is it true that the cohomotopical dimension π- dimX = dimX for every X?
Theorem 8.1. If there exists a compactum X with dimX = ∞ and π- dimX < ∞, then
there exists a continuum Y such that:
(i) Y is shape k-connected and πks (Y ) = 0 for every k = 1,2, . . . .
(ii) The shape dimension Fd(Y ) = ∞ (i.e., Sh(Y ) = Sh(A) for every compactum A with
dimA < ∞).
Proof. Let π - dimX = m. Since dimX = ∞, we infer that there exists a closed subset A
of X and a map f :A → Sm+10 which is not extendable over X. We know that f is an
essential map, π - dimAm and πks (A) = 0 for k > m.
Then π- dimA = dimZAm and there exists a CE map h :P → A of compactum P
with dimP m onto A.
Let Y be the mapping cone of h (i.e., the space obtained from the mapping cylinder of h
by collapsing P × {0} to a point).
There exists a CE map g :D → Y of the cone D over P onto Y such that g(x) = h(x)
for x ∈ P and g(x) = x for x ∈ D\P .
The map g :D → Y induces isomorphisms of cohomology groups Hk(g) :Hk(Y ;Z) →
Hk(D;Z) and homology progroups Pro-πk(g) : Pro-πk(D) → Pro-πk(Y ) for all base
points of D and all k.
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Hk(Y ;Z) = 0 for every k > 0. (3)
The space Y is homeomorphic to the union of the mapping cylinder M ⊃ A ∪ P of
h :P → A and the cone C over P , C ∩ M = P .
The Mayer–Vietoris sequences for the stable cohomotopy theory implies that
πks (Y ) = 0 for k > m. (4)
The map f :A → Sm+10 is extendable over M . Let f˜ :M → Sm+10 denotes the exten-
sion of f .
Next from dimP  m we conclude that there exists a map f0 :Y → Sm+10 such that
f0(x) = f˜ (x) for x ∈ M .
We have
f0 :Y → Sm+10 is an essential map. (5)
From (3) and (5) we conclude that (see [12, p. 251]) that Fd(Y ) = ∞.
By Theorem 7.1, (3) and (4) we see that g :D → Y is a stable shape equivalence and
max{n: πns (Y ) = 0} = 0. 
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